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Using the Landau theory of Fermi liquids, we analyze the paramagnetic behavior of the alkali metals
at low temperatures. An integral formulation of the kinetic equations is derived, and this is solved for
arbitrary wavelengths (within the limits of Landau’s theory), for arbitrary direction of propagation and
retaining an arbitrarily large number of the Landau interaction coefficients. We derive a practical algorithm
for obtaining the transverse and longitudinal susceptibilities; this enables us to discuss, with the generality
just outlined, all of the collective magnetization modes, as well as the features of individual-particle excita-
tions in a simple metal with spherical Fermi surface. The effects of scattering from dilute, random impurities
are also included. We catalog systematically the dispersion properties as well as the oscillator strengths of
all of these waves. Comparison of the results with the experiments of Schultz and Dunifer is described, and
the feasibility of observing the various spin-wave modes is discussed.

I. INTRODUCTION

The value of Landau’s!? theory of Fermi liquids has,
in the past few years, become widely appreciated.
This recognition is particularly evident in the case of
charged systems, where Silin®4 extended Landau’s
work. The best examples of such charged Fermi
liquids are those formed by the conduction electrons in
the alkali metals. Regarded in this sense the metals
may be termed ‘“‘simple.”

The valuable experimental work of Schultz and
Dunifer’® and Walsh,” indicating the validity of the
theory, has triggered the  appearance of a host of
papers®** pointing out the richness of its detailed
predictions about waves in these “simple’” metals. For
the most part these treatments have been directed
towards the analysis of waves of weak spatial dispersion
propagating in directions of high symmetry (with
respect to a constant external magnetic field) and the
effects of collisions usually ignored. For the purposes of
comparison with experiment, to be discussed later,
we have embarked on a more thorough investigation of
the electric and magnetic properties at macroscopic
wavelengths 1/¢ (¢&Fermi wave number kr) and
low frequencies w (Aw<KFermi energy er) of simple
metals with a spherical Fermi surface (the case of non-
spherical surfaces, with isofropic interaction, is discussed
in Refs. 11 and 12).

In this paper we consider only the magnetic properties
of these paramagnetic materials where the effects of
incipient ferromagnetism are negligible. That is, we
shall examine those collective excitations (spin waves)
involving the magnetization density within the frame-
work of the Landau theory—which imposes the limits
on (w, q) described above.

In the work of Landau, Silin, and all subsequent
authors, the linear response in this regime of an infinite
Fermi liquid was studied by solving the Fourier-
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transformed Boltzmann-Landau equation for the dis-
tribution function §f(q, w). Here we adopt a different
approach. We shall solve in real space time for 6f(r, £)
by use of Chamber’s®® integral formulation of the
transport equation by extending his results to the
case of the interacting electron gas. This method,
emphasizing in a clear manner the physical processes
described, has found many applications in solid-state
physics.’*=8 In using it we shall lay stress on the
motion of the individual particles, a salient feature in
Landau’s quasiparticle theory. Not only for this
reason have we adopted Chamber’s method, but also
because our results are in a form that might be applied
directly to transient phenomena in a bounded system.

We shall also consider the effects of collisions in a
more general fashion than has been attempted before.
In particular, we do not care to limit ourselves to the
case of large-angle scattering. However, we shall
restrict ourselves to the relaxation-time model.

In summary, we present in this paper an algorithm
for discussing all of the collective magnetization modes
in a simple metal when a small rf magnetic field is
applied either along or normal to a static magnetic
field. The results are valid for wavelengths arbitrarily
long or short compared to the cyclotron radius (pro-
vided ¢&kr) and for propagation at an arbitrary
angle to the static field. In addition, an arbitrarily large
number of the Landau scattering coefficients, as well
as the dissipative scattering coefficients, are retained.
Use of the algorithm enables us to catalog systemati-
cally the dispersion properties as well as the oscillator
strengths of all of the waves in an infinite medium.
It also permits us to study the transmission of spin
waves in finite slabs. All of these results are applicable
to the neutral Fermi liquid He® by removing the charge-
dependent parameters from the results.

Conduction electron spin resonance (CESR) was
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first observed in reflection from a sodium surface by
Griswold et al.® and treated analytically by Dyson.20
More recently Schultz and Latham? were able to
measure the signal transmitted by a copper slab. Later
Schultz and Dunifer® repeated the experiment using
sodium and observed, in addition to the CESR line, a
complex structure of geometric resonances. The ex-
planation for these, given very successfully by Platzman
and Wolff,? provided the first really convincing
evidence for the validity of Landau’s theory. We shall
reconsider their results and show how a more refined
approach improving the agreement between theory and
experiment permits further information on the nature
of the Landau interaction to be extracted from these
experiments.

In Sec. IT we consider the dynamics of quasiparticles
in the combined external and Landau fields—an
exposition of the Landau model first suggested by
Nozieres.¥ In Sec. III we treat the kinetics of the
particles including the effect of collisions and we also
derive the integral form of the kinetic equations
describing the wvarious types of spin and nonspin
processes. Subsequent sections treat the solution to
these equations (Sec. V), the algorithm for determining
the susceptibility (Sec. VI), and the dispersion proper-
ties and relative strengths of the collective modes
(Secs. VII-IX). Then follows a comparison of the
theory with the experimental results of Schultz and
Dunifer.

II. QUASIPARTICLE DYNAMICS

At the basis of Landau’s theory is the assumption
that at low enough temperatures there exist energy
states which behave like individual particles. These
“quasiparticles” may be considered localized in space
if we are interested in their behavior over distances
long compared with atomic dimensions. Quasiparticles,
characterized by momentum k (in units Z=1) and
spin o, constitute the Fermi liquid which is described at
point r and time ¢ by the distribution f(e, k, r, £). The
latter, an element of a 2)X2 matrix in spin space, is the
Wigner® distribution function. The related quasi-
particle energy is the element 3¢(0) of an energy matrix.
We shall use f(o) to discuss the dynamics and will
consider its intrinsic behavior in the section on kinetics.

It is convenient to introduce certain spin averages.
We have the number density

n=3 Trf=3 2 fubrs=3(fr+fi)

5,8/

(2.1)

and the corresponding spin density
Si=S(0:) =3 Tr(aif) =3 E’ (O'i)ss'fS's- (2.2)

The components o; of the spin vector ¢ are, initially,
the Pauli matrices which describe rotations with
respect to the static magnetic field H2 (the circum-
flex indicates a unit vector). We have, initially,
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o= (o4, 0_, 0,), where o.=(1/V2) (¢,F10,). That is,

0 V2 00 1 0
o_= R o= y  Oz= .
0 0 vZ 0 0 -1

Consequently,
Sp=(1/V2)fu, Se=3(fu—fi).
(2.3)

Similarly we may define the spin-independent energy
e=3(3en+3Cy) (2.4)
and the spin-dependent counterparts
3= (1/V2)3C, 3= (1/¥2)3Cy, 3C,=3(8n—3Cy).
(2.5)

The matrix character of the spin vector o will hereafter
be assumed. Apart from a portion of Sec. III we shall
not write the spin subscripts explicitly. Thus o (or o7,)
denotes element (rs) in the matrix of the component
o; parallel to o. Note also that for brevity we write the
matrix f(o,s) =f(0) and the scalar f(o;) =f..

When a small rf magnetic field 6H (| 6H |[<<H) is
applied,# the magnetic moments precessing uniformly
in the static field H gain energy. This perturbation
sets up spatial and temporal fluctuations of both the
spin density and also (via the associated electric field)
the number density. The total field experienced by a
quasiparticle changes as a result. Landau expressed the
relationship between the increment in energy 83C(o)
and the change in the distribution §f(c, k, 1, ) in the
form of the integral equation

83¢(o,k, 1, t) =3 Tr 3 F(k,0;k’,0’)
ol k!

S_=(1/V2)fn,

Xof(o’, k') +3vo-3H, (2.6)

where & is the Landau scattering matrix. As we shall
discuss later, in an isotropic system from which spin-
orbit coupling is absent, the spin dependence is given by

Fk,o; k', 0")=a(k, k') +o-0'®(k, k"), (2.7)

where @ and ® are experimentally determinable func-
tions. The sum in (2.6) is to be carried out over the
continuum of momenta up to the Fermi momentum k.
The last term on the right of (2.6) is just the free-
electron energy arising from its magnetic moment
v0 = gupo in the driving field 6H, where up is the Bohr
magneton and g2.

We shall classify the different types of scattering in
the following way.

(i) Spin-independent density fluctuations &n(k)
cause the quasiparticle energy to change, as a result of
scattering, by an amount

sUk)=1> ak,k')on(k’), (2.8)
k/
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and we may regard 6U as the spin-independent Landau

field.

(ii) Spin-density fluctuations §S(k), depending on
the scattering of the spins with the external field, bring
about an energy increment

370 ((H+0HY) =}vo-6H*(k, 1, 1),
where the Landau field 6HZ (o) is given by
3voH (0, k, 1, 1) = >, ®(k,k)6S(o, K/, 1, ). (2.10)
k/

(2.9)

In other words, the effective field H* is the external
field 6H plus the Landau field $HZ due to interactions.
Phrased in this manner, Noziéres* pointed out the
similarity between the Landau theory and the molecular
field theory of Weiss. The Landau field varies from
point to point but, unlike the Weiss field, it also
depends on the momentum of the particle experiencing
that field. This momentum-dependent force is the
source of the wealth of phenomena predictable from
the theory. We shall be concerned with type (ii) of the
two types of effects described above. However, in the
interests of uniformity we shall develop simultaneously
the kinetics and dynamics of both processes.

The effects of interaction do not arise solely as a
result of the oscillatory electromagnetic field causing
(self-consistently) density fluctuations. An enhance-
ment of the free-fermion Pauli magnetization is the
feature associated with static magnetic field applied.
In such situations the spin vector o is aligned parallel
or antiparallel to the field H2, corresponding to the
spin-up and -down electrons, respectively. The differ-
ence in population is just

AS.=3 Tr(o:f(0) ) =3[ f°(3en") —f°(3¢y,") ],

where f° is the Fermi-Dirac distribution and the static
quasiparticle energy is

Jpl=e+ AL,

where e is the kinetic energy. For fields HKep/y or
KT/'Y;

AS.=3[(f(e)+A5C(3f°/e)+ -+ +)
= (f°(e) —AIC(9f/3€) ++++)]
= AC(3f%/3€) +-0(A2), (2.11)

where A~yH/ep at very low temperatures x7T<Kep.
Just as in (2.6), we have

Ase= 3 B (k, k) AS. (k') +3vH=3vH*,
K’

JCHO= é—AC‘C,

(2.12)

thus defining an effective static field H*. The latter is
therefore related to the applied field H by the equation

af°
de(k’)
Up to now we have described the changes in energy

due to the combined effects of the magnetic and Landau
fields. However, we have not yet described the static

H*<1—~ = 6k k) ) =H. (2.13)
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equilibrium energy with respect to which the time-
dependent changes take place. Functionally, it is
defined as the energy

Je=e(k— (e/c)A) (2.14)
of a particle-hole pair in the static field
H=vVxA\(r), (2.15)

where Ay is a vector potential and —e is the electronic
charge. All changes in quasiparticle energy result from
time-dependent fluctuations about this equilibrium energy.

With the application of a time-dependent potential
0A(r, #) the above energy changes (if no spin-flip
occurs) by an amount

de=3¢(p) —3C(k) = — (e/c)6A- (9¢/dp) +0(8%) (2.16)

because the total momentum conjugate to position r is
then
p=k—(e/c) (Ay+5A). (2.17)

By choice of gauge for the electromagnetic potential
the rf electric field is

SE(r, t) = —c'[00A(r, t) /0t], (2.18)
and the rf magnetic field is
0H(r, 1) =V x5A(r, ). (2.19)

We have already discussed the spin-dependent effects
induced by the latter. We see that so far as energy
changes are concerned, the electric field enters only
through the spin scalar de and hence will modify the
singlet energy in the Landau field (2.8),

SU*=8U~+se. (2.20)

Summarizing, the local energy of a quasiparticle is
equal to its static equilibrium energy e plus the energy
gained from interaction with the rf electromagnetic
and Landau fields. We have a triplet of states with
energies

3;=e+3vo - 0H* (2.21)

resulting from spin and momentum scattering and a
singlet
C‘CQ=E+5U *

arising from momentum scattering only.

From these Hamiltonians we derive directly the
equations of motion. Correct to zeroth order in § we
have

(2.22)

_ 9e(k— (e/c)Ao)
ap
= (9¢/0k) 4+ 0(8) =k /m*,
p=—(8¢/3r)+0(5),
or, from (2.15), (2.17), and (2.23),
k=p— (¢/c) (d/d1) (A0) +0(5)
= —(e/c) (0Ao/3r) - #+4-0(5)
= —(e/m*c) (R xH)+0(8) = —w.(kX2),

£
(2.23)

(2.24)
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showing that a quasiparticle is accelerated by a Lorentz
force in a direction normal to its momentum and to the
magnetic field.

The last equality in (2.24) is a definition of the
effective mass m*. In this definition are incorporated
the many-body effects of the electron-phonon interac-
tion. The mass m* is related to the crystalline mass by
the Landau interaction and so should form part of the
present treatment. However, the crystalline mass is
not known accurately from either experiments or from
band calculations. Therefore we shall simply. consider
m* as a phenomenological parameter. It should be
remembered that the definition (2.24) is valid only for
spherical Fermi surfaces and in such cases it determines
the density of states 91z (for a single spin) at e=er

fﬂ,p=m*k1c'/2ﬂ'2. (225)
It is also equal to the cyclotron mass, as measured by
Azbel-Kaner resonance,® but only in the case of
ellipsoidal Fermi surfaces—another example of the
high degeneracy of the isotropic system.

One important dynamical effect, especially relevant
to the spin waves, has been left unmentioned. The spin
vector o (#) behaves like a source of angular momentum
precessing in the total magnetic field:

ao’/at Iprecession= —Yo X (H*+6H*)
= —~o xH*+0(3).

This equation could have been derived from the
Hamiltonian (2.21) by regarding o as the spin com-
ponent of the generalized momenta (p,, pr) the co-
ordinates to which they are conjugated being (¥, 1),
where the 1 is the set of angles generated from the Pauli
rotation matrices.

It is clear, from (2.26), that

(2.26)

g,=const (2.27)
and also
01 (8) =01 (t) exp[Fiwr*(t—t)], (2.28)
where
wr*=yH*=}g(eH*/mc) (2.29)

is the Larmor spin-precession frequency in the field H*,
Returning with this result to (2.2) we see that the
spin-density precesses

854(8) |precession=5si(to) exp[Fiwr*(i—t)]. (2.30)

We could return to consider first-order effects in the
equations of motion and would find that the particles
were accelerated by the electric field, Lorentz forces,
and spatial gradients of the Landau field. However, for
the purposes of calculating transport coefficients we
shall require explicit forms only for the unperturbed
particle trajectories [k=k(¢), r=r(#), and o=0(¢)].
As we shall see, the function of the first-order terms in
the Hamiltonian is to drive the collective waves through
the explicit time dependence of the Hamiltonian.
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III. QUASIPARTICLE KINETICS

We examined the dynamics of a single quasiparticle
by looking at its Hamiltonian 3¢( f(e, k, r, £) ). In order
to obtain results explicit in (r, £) we need to examine the
kinetics of the quasiparticle population change df(0).
One procedure for doing this is to solve a kinetic
equation: the Boltzmann equation as adapted by
Landau and Silin. We shall derive our results directly
from an integral formulation describing the scattering
process.

Let f(o) be the perturbed distribution in the presence
of fields and let f°(3C(0) —063C(o)) be its value at
equilibrium where f° is the Fermi-Dirac distribution.
Thus the change in population is given by [see (2.21)
and (2.22) ]

flo) =f°@3¢ (o) —83¢ (o) )+of (o)
=f°(3e(0) )+4f(0) +0(5%),
where the quantity
5 (o) =5f(0) — (8/°/9¢) 85 (o)

is the deviation of f(o) from its local equilibrium value
f°(3¢(o)). Differentiating (3.1) with respect to ¢ and
taking the various spin averages (2.1)-(2.5), we obtain
correct to order &

(3.1)

(3.2)

ds; _df° 9 | d .
— = L g — (AyoH* —88; )
a de° at(ﬂé ) k,,+dtas’ (3-3)
dn _dfoa dér
dt  de ot (6U%) k_,+ dt’ (3.4)
where _ . B
08;=13 Tr(v:df), (3.5)
sn=3 Tr(sf). (3.6)

These equations describe the rates of population
change of the various components of spin as a result
of particles accelerating in the Landau and applied
fields. Counteracting such processes are collisional
effects. As described by Pines and Noziéres? the rate of
change of the distribution f(k), in the absence of
spin, is

df/dt= > W (k, k) 5(3e(k") —3¢(k))

X { f(se(&"))[1—f(e(k) ) I—f(e(k) )[1—f(3e(k) )]},

where W is the scattering matrix for real processes
between the states k and k’. Notice that the local
energy JC(k, r)—rather than the equilibrium energy
e(k) =3C(k) —63¢(k)—is conserved by the collisions.
We recognize the first term in the curly brackets as the
“scatter-out” contribution. This form of the collision
integral accounts correctly for scattering by impurities,
the most important process in metals at low tempera-
tures.?
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The generalization to include spin is straightforward.
With the distribution function f a function of ¢ and k,
we have

df(o'r k) /dt ‘collision
= 3 W(k,o;k,0")d(5(0", k") —35c(0, k)

X{ f(o', ") [1—f(o, k) 1—f(o, k) [1—f(o’, k') ]}.
(3.7)
From (3.1), we have

f(ars) =f0(5c(o'rs) )5rs+6j-‘(0'rs)
3C(0ss, k) =€(k) 4-83C (07, k).

and

We then obtain the linearized equation
df(o'rs, k) /dt 'collision= E , 5(€(k) _e,(k,) )
k/r/s

XW (K, 0rs; K, 05) 5 (015, K') —7718f (076, K),
(3.8)

where we have the scatter-out rate defined as
1/7= 3 Tré(e(k) —e(k’) YW (k,0; k’,0”)
k! of

= > dpyd(e(k) —e(k) )W (K, 00; K, 00m). (3.9)

k/,rls!

The result (3.9), written explicitly with spin subscripts
for clarity, follows from our assumption about the
rotational invariance of the system. That is,

Z 5(6(k) —é(k,) )W (k7 Ors; kl; Ur’r')
k/,r!
=Wi(Kk)byt+k-0,, W2 (k),

since ‘W is a scalar. Because of parity inversion it is
clear that W, must be zero. Further, we shall be
interested in cases where e(k)=er, so that we may
regard 7 as a constant on this constant energy surface.
There are two types of collision processes to be
considered in an isotropic system. One of these results in
the change of orbital momentum k without any change
in the spin @ of the quasiparticle. The other concerns
the flipping of a spin resulting principally from spin-
orbit coupling.? Neglecting the anisotropy of the latter
we may then write
w (k7 Ors; k‘: o-s'r’) = W(k; k,) 57‘1"635’
+[1/29(€) 75 18rs6rsr, (3.10)

where 7, is the spin-lattice relaxation time and 9(e)
is the density of states [cf. (2.25)]. This expression
can also be written

W(k, Ors; kl; 0'3/,-') =% { (W+ 1/917's) OrgOsrpr+Weis Gy },
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which is similar to the form adopted for & [see (2.7) ].
We can thus interpret 9T/ as the scattering rate for the
particle-hole system in the spin-triplet state and
(MW+1/7,) as the rate in the singlet state.

The collision terms differ from those of Platzman
and Wolff in several respects. Firstly, they have
neglected the dependence of the scattering on the
deflection angle cos™(k-£’). Secondly, the spin-lattice
relaxation time 7, introduced here in the same general
scheme as the orbital relaxation time, plays a role in
the spin-wave dispersion relations slightly different
from that in the Platzman-Wolff work. Lastly, the
collision terms there are proportional to the deviation
of from true equilibrium, whereas they should be
proportional to the deviation &f from local equilibrium.?
While this is an error its associated magnitude (Sec. X)
is not very great in Na or K. As regards the two other
discrepancies, the inclusion of angle dependence has so
far not been found necessary for comparison with
experimental data® and, since 7.>7, little error was
made by Platzman and Wolff in this respect.

The treatment accorded here to the collision terms
is strictly valid only for elastic impurity scattering.
However, for temperatures much less than the Debye
temperature the scattering from phonons is correctly
taken into account if the 7, are made temperature
dependent.

If the only loss mechanisms are the relaxation
processes just described then we may write

df(a)/dt=df(0')/dt 'collision, (3. 11)
which is our fundamental kinetic equation. Hence, by
using (3.1)-(3.4) and (3.8)-(3.10) the linearized
kinetic equations for the various spin channels follow:

d o asUrdp ,
o+ L 5 s et
SO (k, K') + (9ry) 1T (&) — éﬁf—k—), (3.12)
d oo, OHF o
5 08:00 o 22 L 5 50 et
X0 (0, 10+ (ot ) - 22, 515
d = 1 4 *if_o_ ’
580+ o o oH T = 5, )
Xo(e(k) —e(k’) )6Si(k’)— 58%(1{) . (3.14)

We note that the channels are completely decoupled
as a result of the assumptions (2.7) and (3.10) about
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the virtual and real scattering matrices § and W,
respectively.

Let us consider Eq. (3.14). We can integrate it
directly

¢
88,0 7,0 =080 5, 0)+ [ dexpl— (1—1)/r]
to

dfy H*
X [—{{;(%70;(11) aaa: (&(t), r(t), tl))

+ X Wk K)s(e(k) —e(k(h)))

k/(t1)

Xasi(k,(tl); r(tl)y tl)]a (3'15)

where, from (2.23)

£(T) = /T dtzli%—r(to). (3.16)

Having obtained the result above in real space and
time (r, ¢) rather than in Fourier space (q, w), it is
easy to insert initial and boundary value conditions on
8S.. It is somewhat less easy to solve such problems
since time parametrizes the momentum k throughout
and since 8H 4 is related to 83, via an integral equation
in k [cf. (2.6) and (2.7)]. Nevertheless, the result
would be of great value for the study of pulse phe-
nomena, e.g., spin echoes.?

If we consider the ‘“‘steady-state” problem, the initial
value of 68, will not appear in the result. We can set
88, (r(k), t)=0 and f=—c in (3.15). We now
suppose that the small rf magnetic field 6H, varies as
e¢~™t thus imparting its timelike behavior to 68,.
If, in addition, we suppose the Fermi liquid to be
infinite or, at least, translationally invariant (on a
macroscopic, not an atomic scale), then absolute
positions disappear from the problem. We shall assume
that (881, 8H.*) xewr, Finally, using (2.28) and
(2.30), we obtain the integral form of the kinetic
equation:

38,00, q,0)= [t
X {expi [(w:}:wL*+ ;) (t—t)+q-[r(t) —x(?) ]]}
X {i%w'y ‘gaﬂi*(k'al) )+ g: w(k, k')

Xé(e(k)—e(k’))BSi(k’(tl))}. (3.17)

The left-hand side still depends on time, but only
implicitly through k(#). That explicit dependence
remains can be shown by introducing 7'= (¢—1) in the
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right-hand side of (3.17), which gives

88, (k(1), q,w)= wdT
L ((0), g, @) [
X {expi [(w:i:w;,*—}- ;) T+q-[x(t—T)—1() ]]}
d 0
x fiut L str 0=+ T W)

X5 (e(k) —e(k’))oSL (K (t—7T), q, w)} . (3.18)

For the longitudinal spin fluctuations we can prove

88.(k(t), q, w)

= [7ar espil(eti/n T (=) ~1(1))]
0

x {iw%'y P50 (- 1))
0 (e0) — (k) ) (1) + (snrs)—l)}, (3.19)

while, for spin-independent changes,

on(k(?), q, w)

- / " AT expil (wti/) T+q- (e(i—=T) —1(§) )]

0

afeasUu*
x {2

o+ T 8l ()

X (W (k, k") 4+ (97,7'3)“1)} . (3.20)

These equations summarize the kinetic theory of a
charged Landau-Fermi liquid. For analysis of transport
phenomena we must examine the nature of the scat-
tering of the quasiparticles.

IV. SCATTERING AT FERMI SURFACE

The Landau interaction matrix F(k, o, k/, ¢’)
describes the scattering of a quasiparticle between the
primed and unprimed states. The energy change in-
volved when interaction with the rf magnetic field
takes place is of order ¥6H. In alkali metals, if 6 H~1 Oe,
§=|v0H/ep |=21078. When interaction with the static
field occurs and spin exchange results, the energy ratio
involved is A=| yH/ep |x10-%-10~* for H~10%-10* Oe.
So we see that spin scattering is localized to the surface
of the equilibrium Fermi surface. Further, at low
temperatures I' the surface is blurred by thermal
effects to a fractional depth («T/er)=10~* of the
Fermi sea. To this degree of accuracy,

—df*/de=05(e—er). (4.1)
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Thus the integrated kinetic equations (3.18)-(3.20)
really describe only the particles at the Fermi surface,
where the quasiparticle concept and consequently
F and ‘W are well defined. For this reason these quan-
tities should possess the group character of the Fermi
surface. A spherical surface predicates that § be a
scalar in spin space. The most important of such scalar
dependences is that of spin exchange—hence the
choice (2.7). It also predicates isotropic dependence on
k and kK’ and so on the angle between the vectors. We

then have R
F(k k') =6(er—e€)F(k-k"),

where k=/kgk on the surface. So we shall expand the

components @ and ® in the surface harmonics of a
sphere:

4r = !

Qkf)=—X 3 AYVu*(F)Vmk), (4.2)
F =0 m=—1
n A 4r =
&)= —2X Z BV *(K)Vim(k), (4.3)
F =0 m=—1]

where the density of states 91p is defined in (2.25).
The harmonics Y. (6¢) are those of Condon and
Shortley® or Goldberger and Watson.®* This choice of
spin dependence and momentum dependence for F
also guarantees invariance under time inversion and
space inversion. The matrix W need not exhibit this
dependence. However, the form chosen, (3.10), is the
most general possible for collisions which preserve the
independence of the scattering of the various spin
channels. Otherwise the momentum dependence of
the total scattering cross section exhibits spherical
symmetry so that we may expand it:
W(k-k') EYZ( Z (/1) Vi (&) Vim (k).  (4.4)

Since quasiparticles are defined only near the Fermi
surface,! the energy-conserving & function in (3.18)-
(3.20) should be replaced by é(er—e(k’)) and the
coefficients 7, are now defined for scattering at the
Fermi surface.

The sum over % states can be replaced by an integral
over the Fermi sphere:

3(er—e(k))
% 9 (e(k))

dk 6(er—e(k))

(2m)% 9(e(k))
1 m*(e) k(e)
- (27)3/ de

N(e)
From (3.9) we have
= z_; o (er—e(K) )LW (K, k) + (tprs) ' ]=70"+ 77"

5(ep—e) /d2k=1. (4.5)

(4.6)
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Similarly we show from (2.13) that the effective
static field is

H*=H/(1+By). (4.7)

Since we are concerned with excitations at the
Fermi surface, it is appropriate to introduce the local
density G(o;):

68 (01, k) = (47) V24yoH (0) 8(ep—€) G (o, k)

where we have normalized G(o;) with the driving field
to a dimensionless quantity of order unity. The effective
field 6H*(oy, k, 1, t) =0H*(0s, k, q, w)ei@t—a0) ex-
perienced by a spin is given by (2.9) and (2.10).
Replacing 8S(s;) by the local spin density 8S(o:),
(3.2) and (3.5), expressing this in terms of the local
effective field, (2.9) and (2.10), and using (4.1),
(4.5), and (4.8), we obtain the integral equations

SH* (0, k) =0H () + (Np/4r) [ BB (k-k')
X[ (4r)V25H (05) G(os, k') —5H* (01, k)] (4.9)

(4.8)

for each spin component ¢;. Due to Landau scattering,
the effective field 6H* seen by a particle varies from
point to point over the Fermi surface. We expand it in
surface harmonics:

SH* (a5, k) = 3 0 (02) Vin(R),  (4.10)

and similarly for the spir;-density components
Glo5 k) = X Gn'Vin(h). (4.11)
Substituting these expan'sions in (4.9) and using

(4.3) we find that
01,0
1+ B,

after using the orthonormality condition
| @ Vin* (k) Vi (k) = 8008pme. (4.13)

Even if the scattering is isotropic (B;=0, I>0) we see
that 6H* is enhanced by the factor 1/(14B,) over the
free-particle result. Equation (3.18) now reads, after a
little algebra,

* —_ /
SH * () = (41r)”5H( +1+B1G’"‘> (4.12)

GE(h (D), 4, )= /0” T
x {expi [<wiwL*+ ‘) T+q-[x(—T) — (1) ]}}

b2

x {—iw % Vindh(i- T))( T

14+ By

+ ¥ 77 G Y v (B(t—T) )} , (4.14)

' m!

and a similar equation holds for G=.
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V. INTEGRATION OF KINETIC EQUATIONS IN
INFINITE MEDIUM

In a charged system with a static magnetic field it is
natural to adopt the magnetic axis 2 as the direction
reference. Without loss of generality we choose the
direction of propagation ¢ to lie in the x-z plane at an
angle A to the z axis (Fig. 1). The polar and azimuthal
angles 6 and ¢, respectively, give the direction of
motion k of the quasiparticle. We shall scale time by the
cyclotron period, that is, set t=¢/w. [see (2.24)].

Since we refer only to particles on the Fermi surface
k=*krk(0, $) we may write explicitly the spatial ex-
ponential in (4.14):

q @(t=T)—r(1))
6~ I
= % (% sinA+2 cosA) / d

3 We

X (% sinf cos¢’+7 sinf sing’+2 cosb)

= ¥ {sina sing[sin (¢— @) —sing]—® cosA cosb},

We

(5.1)

where we have used (3.16) and defined the Fermi

velocity

7)F=kp/m*. (52)

From (4.11) we have
Gun*= [ d%(86) ¥ om* (b (69) )G=(k(09)), (5.3)

where the unit element d?%k=d¢dd sind. Substituting
(4.14) into the right-hand side of this equation, it is
clear that the resulting expression will involve terms
which we shall hereafter label

y 2 T ©
Um! | K | my=— 2 / dé / 40 $ind V1* (66) f i@
We g 0 0

X expi[ (wtwr*+1/7—qur cosA cosf) ®/w, ]
X exp/{ (iqur/w.) sinA sinf[sin(¢—P) —sing |}
XY ym (6, 0—®). (5.4)

In Appendix A it is shown how this “‘average over
trajectories” is performed. We find

Um | K(X, ) | Vm')

27w

3> [ 0 5in8 Cin(6) Come (6)

We n=—o g

Jn<X)]n+m’——M(X)

TS (5.9)
_ (=) 2T f " 4 i Cim(8) Curme (6)
we Jg
X]Y—m<(X)J—(Y—m>>(X) (5.6)

sintY
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F16. 1. System of coordinates used. H is the static magnetic

field, 'q‘ig the direction of wave propagation, and £ is the direction
of quasiparticle momentum. All careted quantities are unit
vectors.

where Jy(X) is a Bessel function of the first kind, of
order ¥ and argument X, and where

Cin(8) =Y (6, ) e, (5.7)
X (0) = (qur/w:) sinA siné, (5.8)
V. (0) = (wkwr*+1/7—qur cosA cosf) /o, (5.9)
m>=greater of (m, m’), m<=lesser of (m, m').
We also note that
A'm' | K | lm)y=(m | K |UI'm’). (5.10)

The solution to the integral equation (4.14) is given in
(4.11) in terms of the coefficients Gin*, where the latter
satisfy the infinite set of coupled algebraic equations

Gm*= Y [Bv/(1+By) JU'm’ | K(X, Yy) | Im)Gum™*
i m’

+(00 l K I Im)/ (14 B,) + l"z:” (3/wrir)

X' | K | m)Grm®.  (5.11)

In an entirely analogous fashion we solve the kinetic
equation (3.19) for 68, and find that the corresponding
Gin* are given by

Gm*= Y [Br/(14+Bu) JWm' | K(X, Y.) | m)Grm*
'm!

(00 | K | Im)
1+ B,

, 1 &,
+ +i ¥ (—+ : °>
U mtt \WT WTs

X{U'm" | K | m)Gyrmr?, (5.12)
where all quantities are as defined earlier except that

here

Y (6) =Y .(8) = (w+1i/r—qvr cosA cosh) /we, (5.13)

which is independent of the enhanced spin-precession
frequency wz*. We shall not consider the remaining
kinetic equation (3.20) in this paper.



4664 A. WILSON AND
VI. SUSCEPTIBILITY TENSOR;
GENERAL ALGORITHM

In this, as in all transport theories, the physical
entity investigated requires calculating not the dis-
tribution function itself but rather integrated moments
of the distribution. Here we are interested in spin-
density phenomena, which involve the zeroth moment
with respect to momentum. They are characterized by
the susceptibility tensor x which, in the case of the rf
magnetic field 6H polarized either parallel or perpen-
dicular to the static field H, is diagonal. Defining x in
terms of the magnetic induction 6H, the transverse
components are

xi(q, @) =M1 (4, 0) /H,, (6.1)
and the longitudinal component is
x:(4q, w) =M.(q, w)/‘st-_ (6.2)

The magnetization M (o, q, w) is given by
M('Tiy q,w) =7y Z 65 (o, ];7” q, w)
PG

N, a

. SH* (o4, k', q, @)
; k/ — ) b ) )
X(G("’ 69 = i ()

72
-1—_‘_—';0 6H(0’1) ZE)T«FI:GOD(a'ig q, w) - 1:’7

where we have used (4.11) and (4.12) for each com-
ponent ¢:. From (6.1) and (6.2), the susceptibility
components are

X+—=(q7 w) = Xo* (G00+—2(qy w) - 1);

I

(6.3)
with

xo*=290r[v*/ (14 By) I=x0/ (14 By). (6.4)

The factor of 2 arises from the definition of 9z, the
density of states for a single spin. We see that the static
susceptibility xo* is enhanced by the factor 1/(14 B)
(>1 for alkali metals) over the free-electron value xo.
Also, the dynamic part of x is altered as a result of the
Landau interaction: The free-electron result is recovered
by setting B;=0 (/>0) in (5.11) or (5.12).

The use of (6.3) (which defines the relevant com-
ponent of the susceptibility) together with (5.11) or
(5.12) which give Go* or Gy?, where the latter quan-
tities are defined through the matrix elements given
in (5.6)-(5.9) and (5.13) forms a general algorithm
for the study of spin waves in paramagnetic Fermi
liquids. In deriving these results at no stage (i) did we
limit ourselves to the number of Landau parameters
B; or collision coefficients 7; included, nor (ii) did we
restrict the wavelength as characterized by the parame-
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ter qur/w. nor (iii) choose a specific direction of
propagation.

Retaining an infinite number of the B; and 7; means
that an infinite set of coupled equations (5.11) or
(5.12) has to be solved. However, if Landau’s theory
is meaningful when applied to the alkali metals, for
instance, then we are at liberty to assume that the B;
decrease rapidly with increasing / so that we may
truncate the system of equations. We shall deal likewise
with the 7.

For arbitrary direction of propagation and including
an arbitrary number of the B; and 7;, we may discuss
without recourse to numerical methods the spin waves
at wavelengths long (gR.<K1) and short (gR>>1)
compared with the cyclotron radius

Rc='UF/wa. (65)

At intermediate wavelengths gR,~ 1 we must perform
numerical calculations. Examples of such results will
indicate the practicality of the algorithm.

VII. LONG-WAVELENGTH REGIME ¢R<1

The transverse components of the susceptibility
will occupy the greater part of our attention since the
results for the longitudinal case, as we saw earlier, may
then be obtained by a simple specialization to that case.
Furthermore, we shall consider explicitly only the
element x—(q, w); the element x.(q, w) is identical if
we replace —wr* by +wr*.

Let us take the system of equations (5.11), dropping
all spin-direction superscripts, and truncate it at some
I=L, ie., set B;, 7;=0, [>L. Retaining the same
(arbitrarily large) number of the B; as the 7, it is
convenient to introduce the notation

Bi=B/ (14By) + (1/wr:).

When the Fermi liquid is completely uniform and
¢=0 we may, by use of the properties of Bessel func-
tions (Appendix B), show [from (5.5) or (5.6)] that

w
wt1i/T—wr*—mw,

In this limit the matrix of equations (5.11) becomes
diagonal. By means of Cramer’s rule we can express Goo
as the ratio N/D of two determinants N, D. Then, in
(6.3), x— has singularities at D=0. Inspection of this
determinant shows that in the uniform medium the
normal modes are given by

(7.1)

U'm | K | Im)= (7.2)

all’amm’-

Bilbm | K | Im)=1. (7.3)
That is, from (7.1) and (7.2), and (4.6),
wm=(14By) (wr*+mw.—i(1/r0—1/114+1/7,)), (7.4)
and, in particular
woo= (14 Bo) (wr*—1/7) =wr—i(1+By) /rs.  (7.5)
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An interesting point concerning these results is that
the collision times appear to be modified by the Landau
coefficients. For instance, the mode (0, 0) seems to have
a vanishingly small linewidth as By——1. It will be
recalled that the B, are coefficients of the spin-exchange
part of the Landau scattering matrix @ and B, is
proportional to the number AS, [cf. (2.11) and (2.12) ]
of correlated spins. If a scattering center tries to flip the
spin of an individual electron, it must fight the tendency
of the spins to be correlated. So, in effect, it must flip
many spins at once. This difficulty increases as the
ferromagnetic condition (By——1) is approached for
then all of the (10%) spins must be flipped. Conse-
quently (Ts) effective™> 0 .

The normal modes of the longitudinal magnetization
may be treated in the same way as those of the trans-
verse components. From the algorithm (5.12) we find

wim= (14B1) [mw.— (i/70) + (3/71) ], (7.6)

which is the same result as that obtained for the
transverse case if we set w *=1/7,=0.

Unlike any of the other modes (J, m) the mode (0, 0)
of the transverse magnetization M_ (otherwise known
as CESR) is broadened only by the spin-lattice time 7.

Let us now turn to finite wavelengths and consider
the dispersion of these waves:

w(g) =wm+D(l, m)g. (7.7)

The reason for this particular form of dispersion will be
apparent presently.

If we take the system (5.11), truncating at some
I=L (i.e., B;=0, 7;=0,1> L), then there will be

L1 1 L
2 2 dm= 2 (2-1)=1I*
1=0 m=—1 =1
equations to solve, in general. For the general matrix
element (I'm’ | K |lm), we use the Bessel-function
expansion (see Appendix B) correct to O((gR.)?).
This gives J,(X)J,(X) < (3X)**+, where y= (¥ —m<),
v=—(Y—ms>), X=¢R, sinA sinf. Hence only diagonal
elements (m>=m<) can be of order unity, since
elements for which m’=m, I’s%] will be excluded (to
this order) since, in (5.6), we may apply the orthogo-
nality condition (4.13) to prove the point. Then, as
can be easily verified, the determinant D is equal to the
product of zero-order parts of the diagonal elements
plus terms of second order in ¢ arising from multiplying
such diagonal contributions with (i) products of pairs
of elements for which Am=ms>—m<=1, (i) products
of pairs of elements for which Am=0, I'5£], (iii) the
second-order contributions from the diagonal elements.
It is now evident why we made the ansatz (7.7).
Because the diagonal terms dominate, the system (5.11)
is amenable to a perturbation treatment with the small
parameter ¢. It is easier to consider ¢ (rather than gR.)
as the formal parameter because we shall assume that ¢
is small wherever it appears, i.e., gur<w., wr, w, €tc.
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Then consider G and G as components of their

respective vectors G and G. The system of equations
(5.11) becomes

XG=g, (7.8)
where the elements of the matrix X are [from (7.4) ]
(m | K| Um'y=B:(m | K | V'm')—6116mm  (7.9)
and
Gm=(00 | K | Im)/1+ B,. (7.10)

We wish to find the eigenvalues £(«) belonging to the
right and left eigenvectors ¢(e) and ¢ (), respectively,
such that, in (7.8)

E(a) (d(a), G)y=((a), G). (7.11)

Introducing the set of basis vectors e;, and their
respective dual bases e, we can project out Gy:

Goo= (%, G)= 2 (", (o) )[1/E(e) JW¥ (), )
= le [1/&(a) J6* () ¥im(a) (00 | K | Im)/ (14 Bo)

(7.12)
by using (7.10) and (7.11).
With ¢ as a small parameter, let
K=KO450, (7.13)
where
w
) ) = -1
(b | 5| Im )= w1/ —wp*—mw,
=EO( m). (7.14)

There is no reason to assume that all the 8; are not all
distinct. Then we can use nondegenerate perturbation
theory to second order for the perturbed eigenvalues ¢:

£ (L m) = (Im | KO | Im), (7.15)
£2 (1, m)
(m | %O | Um! MU' | KOl

- . (7.16
(l’mg;f(lm) £9 (Im) —£O (I'm") ( )

The first-order eigenfunctions are (omitting order
superscripts)

@' | XD | m)

eV (I, m) = £ (Im) —£O (I'md) , (7.17)
ot _ <lm | Jc(l) ' llml>
Y (1, m) = £ () — £ (Tm) (7.18)
so that
i (Im) = V'™ (Im) (Bu/B1), (7.19)

using (7.9).

The evaluation of the eigenvalues and eigenvectors is
somewhat tedious. First, we must calculate the three
types of matrix elements that contribute to O(g?).
This is shown in Appendix C. Armed with these results
it is straightforward to compute, from (7.15) and
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(7.16), the perturbed eigenvalues

|11 71 I'\2
£V (Im) = (2141) (qur)? 2 (2V+1) < )
U=[1-1),+ 0.0 0

costA (11 4 2+1 sin?A P v ’
(@8)*\m 0 — 2(@B) =\ 41 —(met)

(l, Iy ls>
my Mo Mg

is the 3—7 symbol of Wigner® (see Appendix C). The quantity wg; is to be calculated at w=wy,. The indices & in
the summation refer to the second term where we add both contributions.
Similarly, we obtain

(7.20)

b

where

2141 B

1 U\ U\
2 (2r4+1) cos?A
Bi=Br\o 0 o/\m 0 —

(wB)?

£2 (Im) = (qur)* l

' 1 N/ 4 2
+ 2 s 416 sinfA b, (7.21)
26, (wﬁliwc) [w(ﬁl—ﬁl'):*:wc] 0 0 0 m +1 —(m:!:l)
We can now obtain the eigenmodes from the zeroes of the eigenvalues. That is, we solve
0=£(Im) = O (Im) +-£© (Im) +£® (im)
2
=6 wlm+D(lm)q _1+£(1)+£(2), (7'22)

! mt D (Im) ¢4/ r— cor* — me,

where we have used (7.7) and (7.14). From (7.1) and (7.4) we find that to O(¢?), the dispersion coefficient D is

given by

D(im) ¢*= (14 B1) Biwi P (Im) +£2 (Im) ]. (7.23)

Consequently, using the expressions (7.20) and (7.21) for the perturbations to the eigenvalues we obtain, on
substituting these in (7.22), the dispersion relation for the mode (1, m):

wim(g) =wm+[D) (Im) cos?A+Di(lm) sin?AJg?=0, (7.24)
where the component along the magnetic field is
(14+B) . (2'+1) (l ! l'>2(l L )
Dy (im) = (20+1) ve? 2 (7.25)
@im v B=Br \o 0 0/\m 0 —m
and the normal component is
11 11 4 2
D 1(lm) =% (204-1)ve*(14B1) Biwrm 2 (2'+1) ( >( )
vk 0 0 0/ \m =41 —(mzkl)
1 Buv 1
% {(wmﬂl)z—wf +ﬁt (wzmﬁz:f:wc)[wm(ﬂz—ﬁz:):ch]} - (1.26)

From the properties of the 3—j symbols (see Appen-
dix C) we see that the ¢? coefficient for the mode (im)
involves the coefficients 8;, 8111, Bi—1. The exception is
the (0, 0) mode which depends obviously on 8y, 8.
These waves were first considered at infinite wave-
length by Silin4 More recently he has considered the
dispersion properties of the /=0, 1 modes.’® We disagree
with his results for the /=1 cases. The procedure
adopted in that work, namely, taking moments of the
kinetic equation with spherical harmonics, is valid if

it is recognized that for the study of the mode (I, m),
the relevant moments are the / and the (I/+1)th.
In Ref. 13 only the zeroth and first moments were
retained; therefore correct results were found only for
the mode (0, 0). Here we have avoided the tricky
procedure of taking moments by actually solving the
kinetic.equation (without restriction on ¢) and of then
carrying out the expansion in powers of ¢

To complete this section we shall calculate the pole
strengths for each of the (/, ) modes. For simplicity



2 COLLECTIVE OSCILLATIONS IN A SIMPLE METAL. I.

we shall set W=0 and so shall consider the relative
strengths of the modes rather than the linewidths of the
associated resonances. For the latter, it is more useful
to consider the experimental situation, in which a wave
propagates through a finite dielectric (Sec. X).

The pole strength of the mode (I, m) is

Rin(9)= lim [wm(g)—wlx(g,w)

w->wim(q)

= XO* lim [wlm (Q_) - w]GUO (qa w) ’

w-wim(g)

from (6.3) and (6.4), assuming that the mode derives
from a pole of first order. That is, we define the total

response
Go(q) = ZE Rin(9) /Lwim(q) —w]

and using (7.12) for Gy, we have
Rin(q) =x0[ B/ (14 Bo) Jooim@® (im)
X 3 Y (Im) (00| K | Um’). (7.27)
m!
Thus
Roo/x0=[Bo/ (14 By) Jw.(00 | K | 00)=wr+0(g?),
(7.28)

where all quantities have been evaluated at w=wp=wrz.
For the higher modes we must include terms of O(¢?):

Rin/x0=LB/ (14 Bo) Jornd® (Im)
X [(00 | K | im)+ By(1+B)

Bi(1+By)
From (7.17) we have
¢°(1, m)
=[(14Bo) B (14 By) (Bi—Bo) 100 | K | im),
so that, for /0
Ruin/x0=[Bi*(14Bo) / (Bi— Bo) (1+B:) ]

¢ (Im) (00 | K | 00>]~.

Xwm ({00 | K | m))2. (7.29)
It is now straightforward to calculate
Rio/x0=[ (14 Bo) (14 By)*/ (B1— Bo) w1 0]
X%(qur)? cos?A, (7.30)
Rl,:gl/ Xo
=[(14+B,) (14 By)*/ (Bi1— Bo) w1, 41 (14 Bo) e ]
Xi(qur)?sin?A.  (7.31)

Only the (0, 0) mode is of order unity. The higher
modes (/, m) have strengths « ¢? and in the calculation
shown here we can calculate correctly only the =1
modes. For I>1, Rin(q) is an increasing function
of ¢ for small g. Therefore these modes have a maximum
oscillator strength for some finite ¢ beyond the range of
validity of the expansion used and we are unable to
study them without either considerable algebraic
effort or a numerical computation. We have adopted
the latter alternative.

SPIN WAVES 4667

VIII. SHORT-WAVELENGTH REGIME (qR.>1)

In this regime, only the case where the waves
propagate normal to the magnetic field (A=3%m) do
they avoid Landau damping (see Sec. IX). In Appen-
dix D we show that the K-matrix elements are, at
most, of order 1/gR,. As before we write Gooy=N/D.
Then, referring to (5.11) and (5.12), the denominator
takes the symbolic form

1+4¢ € € €

14€¢ €

where e represents terms of order (¢R.)~! and (gqR,)™3/2.
Thus, to O(e), only products of the diagonal terms can
contribute so that correct to this order the dispersion
relation, corresponding to D=0, is

1= ZL: Zl:lﬂz(llellm).

1=0 m=—

(8.1)

The details of the calculation of these diagonal matrix
elements are contained in Appendix D. We find that,
correct in O(qR;)~32 [see Eq. (D11)],

1 )
(m| K | lm)= 2 csc — (w—wL*——mwc+ f)
we gR. We T

X Z [P)\,m COS W_‘ (w—wL*—mwc-l- ;L)
, T

A=0 c

1 —1/2
+QOam (ch) sin(Zch—%'zr)] , (8.2)
where Py and Qi are pure numbers. The term with
the former coefficient should dominate as the asymp-
totic limit | gR. > is approached. We shall foster
this by setting

Wn=wr*+mw,—1/T+wn (8.3)

and search for solutions ensuring |7 |<<1. Perturbing
about this trial function we shall require that

U | K |V o=

Mﬂji_/fl (qR, ) (7)1

c

2l

m —1)m/—m
X E [P)‘,m,_*_ Q_)‘_(._)___
A=0

(QR)I" sin(2ch—-%1r)] , (8.4)

to first order in ». Substituting this in (8.1) we see that
n~|gR, =}, which satisfies our requirement. Then,
from (8.3) we have the dispersion relation for short
waves:

wm(q) = (wr*+mw.—1/7) {H‘ > P
irmt QR

2l

X > I:Px.m+ ___»*___Q)‘,mr(—"l)”‘“’"
A=0

(@R sin(2gR.—4m) ]} , (8.5)

where 8; is to be evaluated at w=wi.(0). Unlike the
long-wave limit [cf. (7.5)7], the dependence on the
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m=-| Continuum

2 A//,

0 150 300
qlem™)

F16. 2. Excitation spectrum for A=0, i.e., propagation along
the static magnetic field. We have used values for the parameters
appropriate to sodium, except that B; has been taken equal
to 0.1 in order to improve the visibility of the /=1 modes;
wr,=6.1264 X101 rad/sec. Modes with |m [>1 are not shown,
and the /=2 modes not appear because we have taken Bz—-O
and they are therefore Landau damped. For this special angle,
m is a symmetry quantum number, and the spin waves (00)
are not Landau damped by the m=—1 continuum. Collisions
have been neglected.

Landau parameters has been relegated to the correction
term, and so, corresponding to the integer m there is
but one mode, instead of (2/4+1). That is, as gR—x
the mode (I, m) which, for ¢gR.=0, began [see (7.5) ] as
m=(14B)) (wr*+mw.—1/7+1/71)
returns to its respective continuum #:
wn= (w*+mw,—1/7), (8.6)

accompanied by oscillations of diminishing amplitude
and increasing frequency.

A. WILSON AND D. R.

FREDKIN 2

The scattering rate r; does not appear, in order
unity, in the short-wave dispersion relation. This is
equivalent to saying that in this regime the scatter-in
term [cf. (5.11) and (5.12) ] is negligible.

Finally we note that in this asymptotic limit the
strength of any of the modes (/, m) is also independent
of the Landau parameters. This is seen most easily by
writing out (5.11) and (5.12) explicitly for Go in-
cluding an arbitrary number /= L of the B;. Then, since
the matrix elements are at best of order (¢R;)™,
including the driving term (00 | K | 00), which enters
only multiplicatively, so all corrections to this term

1 I 1 i
0 1000 2000

qlem™)

Fic. 3. Excitation spectrum for A=4r, i.e., propagation across
the static magnetic field. The parameters have the same values
as in Fig. 2. The continua have degenerated to the dotted lines.
Note that the scale of ¢ is different from that used in Fig. 2.
The /=2 modes now appear at finite ¢, because of the greater
range of ¢ values free of single-particle excitations. The frequencies
w(g) actually oscillate at high ¢ as they approach the continuum,
as can be shown by mathematical analysis of the general equa-
tions.
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will enter as coefficients of terms of order (gR.)7%,
and smaller. The Landau coefficients B; and the col-
lision rates 7; appear as coefficients of these correction
terms only.

As before, the longitudinal modes are amenable to
the same procedures and the analogous results readily
obtainable by setting w;*=0.

IX. INTERMEDIATE-WAVELENGTH REGIME
(gR.~1); NUMERICAL RESULTS

The matrix elements (5.6) possess branch points.
‘These arise from the end-point singularities of the 4
integration, that is, at =0, =, where the argument of
the sine function becomes equal to an integer multiple
of w. At these points

w—w *Fqup cosA+1/7=mew,. 9.1)

Then, except for the case A=3%r we shall always have a
cut in the complex w plane when investigating the
dispersion relation for w(g). The cut, of course, arises
from the crowding or continuum of poles from each
value of 6 in 0<6<w. We may interpret this continuum
as a Landau-damping type of phenomenon. In the
presence of the static magnetic field H, we can visualize
a particle precessing at a frequency w=wr*+mw.. The
radius of its cyclotron orbit depends on its transverse
velocity vp sinf. This describes the motion in the plane
normal to H. Along it, particles stream with all ve-
locities v, ranging from O up to oz in either direction.
The wave, meanwhile, propagates at an angle A with
respect to the field and consequently the frequency
experienced by a precessing particle will not be w but
rather the Doppler-shifted frequency w—gquvr cosA cosf.
On adding up the various contributions from the
particles on the Fermi surface we find that the inter-
action between the wave and particles is greatest
whenever condition (9.1) is satisfied. We may regard
it as the condition for the onset of collective-wave
damping or alternatively of the excitation of individual
particles.

The intermediate-wavelength regime (gR.~1) is
practically inaccessible to analytic investigation. In-

By
win= (wr*mar) l 1FF D) (@) 2 ()

I 1 I\
X
00 0/ \m =1
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stead, straightforward numerical methods have been
adopted. The results for the spectra of excitations
of the transverse susceptibility in the cases A=0, 37
appear in Figs. 2 and 3, respectively. Collision effects
have been ignored. We use the values By=—0.21,
B;=0, [>2 (which are roughly appropriate to sodium)
and have set B;=0.1 in order to amplify its effect and to
render the /=1 modes more visible. The numerical
work having been carried out for comparison with
experimental data (Schultz and Dunifer®), dimension-
less variables were not used. The Larmor frequency had
the value w;=6.1264X10"° rad/sec, vr=0.82X108
cm/sec, so that ¢=2000 cm™ corresponds to ¢R~3.5
for the frequency range considered (wRSw ;).

Notice that the continua start at w=wr*+muw,,
m=0, 1, 2, +-+, as described above. Moreover the
continua are limited by wedges (locus of the branch
points) centered about these starting points with the
apex angle 2 arctan(cosA) in units vp=1. When we
recall [see (7.4)] that the mode (/, m) begins at
w=(14B;) (wr*+mw,.), it is clear that it can remain
outside its respective continuum = and hence be a
propagating mode only by virtue of its respective
Landau parameter being finite.

In the case A=%r the continua collapse to a line. It
was for this reason that we considered only this case in
the large gR. regime. Notice (Fig. 3) the oscillatory
behavior of w(q) for large ¢ as discussed in Sec. VIII.

A number of curves in Fig. 3 do not appear to be
explained in the theory as presented so far. These are
the curves that appear to emerge from the various
continua m at finite values of ¢ and so would seem to
contradict our contention that finite Landau parameters
are necessary to avoid the damping of these collective
modes. Firstly, these “spurious” modes appear in the
case A=1%r, where the continua are compressed to a
region of measure zero. Secondly, they are nothing but
the remnants or “ghosts” of the modes (I, m) described
when the respective coefficient B, is set equal to zero.
To see the reason for this we look again at the general
dispersion relation (7.24)-(7.26), setting A=3. For an
l=2 mode we have D1(2, m)#0 even if we set B,=0.
Similarly, if B;=0 then

1 Vv

2 By
__(mil)) /“’“<1+l13,,

(wr*+mew.) iwc>]] .

So, even without the respective B; the mode (I, m) is present if ¢>£0, that is, but may be visible only in this direc-
tion of propagation or close to it. We see this from the condition for visibility at long wavelengths, namely,

| Bi(wr*+mew.)+ (D) (Im) cos’A+D (Im) sin?A)q? | > qup cosA.

On account of the greater multiplicity of modes
possible in the case A=3}m, a certain amount of conges-
tion results in the w-¢ plot (Fig. 3). At finite ¢ they
appear to cross each other and even to pass through

the continuum. In Figs. 4 and 5 we illustrate the effect,
neglecting collisions, for clarity. In the top part of
Fig. 4 we show, with A=3, the dispersion of the (1, 1)
mode, using By=—0.21 for three values of B;. With
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Fic. 4. (top) Dispersion curvesw(g) of the mode (11) with A=4r for Bo=—0.21 and various values of B;. (bottom) Oscillator
strength of the (11) mode with B,=0.1. The same values of wz, 2r as those in Figs. 2 and 3 were used.

B;=0 the mode begins in the m=1 continuum line.
For B;=0.03 it begins above this line and intersects
it at finite ¢. With B;=0.1 the region of intersection is
magnified and the mode splits into two components,
each residing on its own side of the continuum. The
oscillator strength Ry;(q)/Roo(0) of the mode (with
B;=0.1) is shown at the bottom of Fig. 4. While the
contribution of either section of the mode to the oscil-
lator strength diminishes rapidly close to the con-

tinuum, the total oscillator strength remains a smooth
and slowly varying function, which is evidence for the
two sections being members of the same “mode.”

In Fig. 5 we have opened out the continuum slightly
by choosing A=37—0.005. The (1, 1) mode is shown as
before with By=—0.21, B;=0.1. The mode still appears
to cross. In the lower half of the diagram the oscillator
strength is seen to behave similarly to that of the
preceding case. There is one difference, however.
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Fic. 5. (top) Dispersion curve w(g) of the mode (11) with A=4x—0.005, Bo=—0.21, B;=0.1. The continuum has opened up to a
narrow fan. (bottom) Oscillator strength of the (11) mode using the same values for B, and B;.

With the slightly opened fan the collective wave can
lose energy to individual quasiparticles. The sum of the
oscillator strengths is no longer a slowly varying func-
tion in the neighborhood of the continuum edge.

X. COMPARISON WITH EXPERIMENT

The problems of transmission of spin waves in a
finite, metallic slab, which approximates the experi-
mental conditions of Schultz and Dunifer, has been
considered by Lampe and Platzman.? They have found,
at least approximately, that the ratio of the field

transmitted to that incident is

Tt B (—) 2 bd)xes (g=ne/D), (101
where L is the slab thickness. Removing the phase
factor (—1)” gives the result for the field reflected
from the slab.

The algorithm described here for calculating x has
been used, in conjunction with the formula above, by
Schultz and Dunifer® for comparison with their experi-
mental results in sodium. They have retained the
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Landau coefficients By, B;, B: and the collision times
7o, Ts in the computation of x— in the neighborhood
wRwr. As (10.1) suggests, the eigenvalues of the finite
slab are g,=#nw/L, and resonances are to be expected
at frequencies w(g,) corresponding to these eigenvalues.
In their paper® they show (their Fig. 8) the positions of
transmission maxima and minima on a dispersion curve
and comparing it with the results of the algorithm
they obtain values for the phenomenological parameters
By, By, B,. In the earlier work of Platzman and Wolff,?
the expression for x_ near w=w; was given correct to
0O(¢?). The more general treatment presented here
extends the range over which comparison with experi-
ment is possible. Moreover it tests the dependence of
the experimental results on B, as this parameter does
not appear, to O(g?), in the dispersion equation for the
(0, 0) mode. The values reported by Schultz and
Dunifer differ from those of their earlier work® where
comparison with the more approximate theory was
made. Using (10.1) they compare (their Fig. 9) the
transmitted field spectrum with that obtained from this
analysis.

As we may verify [from (7.24)-(7.26)7], our form
for the long-wavelength dispersion of the (0, 0) mode
agrees with the result of Platzman and Wolff provided
that (i) we neglect terms of order 1/w7, in the disper-
sion term and (ii) we replace the collision frequency
1/7pw used by these authors by the expression
(14-By) (1/70—1/71). This latter quantity is of some
interest for we know that, rigorously, the resistivity
collision time 7, (defined by p=m*/Ne?r,) is related
simply to our collision times:

1/T,,=: 1/7’0— I/Tl.

As pointed out in Sec. III our treatment of collisions
and of quasiparticle interactions is valid at low tem-
peratures if the coefficients 7, and B; are made tem-
perature dependent. Thus, apart from the (near unity)
factor 14-B;, we expect 7pw=7, at all experimental
temperatures, regardless of what the precise tempera-
ture dependence of 7, is. This unambiguous prediction
does not agree with the measurements of Schultz and
Dunifer.® It may be, however, that their determination
of the dc resistivity p suffers from the difficulties
(e.g., inhomogeneities) described and remedied by
Babiskin and Siebenmann.3

XI. COMPARISON OF RESULTS; VISIBILITY OF
MODES; CONCLUSIONS

The treatment given here to the analysis of spin
waves in an isotropic Fermi liquid is fairly complete
in that arbitrary numbers of Landau coefficients have
been included as well as the resulting dispersion
properties for arbitrary wavelength and direction of
propagation. While the work of Silin3* is, of course,
preeminent in this field as the source of the original
investigations, it is of some interest to compare the
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results, methods, and limits of generality of subsequent
calculations on nonferromagnetic spin waves.

The long-wavelength dispersion coefficients given
here [Eqs. (7.24)—(7.26) Jreduce to those obtained in® !
if we neglect all collisions (Silin®® differs from these
results for reasons given in Sec. VII). The short-
wavelength behavior (8.5) is not examined explicitly
in these papers nor do the oscillator-strength results
(7.28)-(7.31) appear to have been given.

The treatment of collisions given here is more
complete than that of!* the treatment where the spin-
relaxation process has not been explicitly included.
This is an essential feature in the comparison with
experimental results in the CESR. Also, while not a
discrepancy of major importance, we note that the
collision integral there, although correctly given, is
improperly handled in the transport equation, the
effect being to include relaxation to true rather than
local equilibrium in the “scatter-in”’ term.

Several features of the present calculation distinguish
it from the others mentioned here. Being carried out
specifically for comparison with experiment, it contains
collision effects consistently throughout. More im-
portant, it contains an algorithm for the calculation
of the susceptibility including maximum generality.
This algorithm is of practical importance’ enabling
numerical results to be obtained with relative ease.
The matrix elements (5.6) have been reduced, in
general, to a single quadrative which is an important
advantage over other schemes (e.g., Refs. 4 and 11).
Thirdly, the derivation of results based on a “molecular-
field” model of the Fermi liquid as described elegantly
by Noziéres* is both interesting and useful. Possessing
the same information as the transport equation, the
integral formulation permits a clearer presentation of
the features of the quasiparticle dynamics. The integral
expressions for the spin densities or charge densities,
(3.18)-(3.20), are in a form directly applicable to
boundary- or initial-value problems.3

The modes (J, m) analyzed here result from the
energy 3v > 0H;*¥ 1, which a quasiparticle has in the
combined Landau and external fields. They would not
exist otherwise. Since 6H* varies from point to point,

it affects the spatial dispersion of the waves, in addition

to changing the spin precession and cyclotron rotation
frequencies.

To date, of all of these excitations, only the mode
(0, 0) of the transverse magnetization has been ob-
served (Sec. X). Probably the reason for this is the
weak spatial dispersion of that experimental situation.
We recall, (7.29)-(7.31) that for.¢R.<<1 (also qup/wr,
qupr<<1), the oscillator strength Ry, decreases rapidly
with increasing /. In addition [cf. (7.5) 7, the linewidth
of the mode (I, m) is (1/r—1/r,+1/7,), and, since
7~ as ! increases and as 70<r;, S0 We can see that the
1=0 mode is the sharpest in definition.

While it would seem difficult to overcome the line-
width problem, it appears more profitable experi-
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mentally to investigate the ¢R;~~1 regime, i.e., LXR,.
In Figs. 4 and 5 we see that the mode (1, 1) is strongest
(with wR6.10" rad/sec) for ¢=~1200-1500 cm™! or
L~2.107% cm for the fundamental geometric harmonic
(m=1). Higher frequencies, while improving wr values
would demand thinner samples.

With the advent of uv lasers, light sources are
becoming available that can penetrate metals, i.e.,
w>plasma frequency. As suggested by Genkin and
Genkin,® the use of Raman scattering could be a
valuable tool for investigating the spin waves. Under
such experimental conditions the wavelength A=2w/g
of the scattered radiation is fixed and the observed
quantity is the frequency shift Aw of the natural
frequency excited. For a line of wavelength A=23000 A,
gqurR2101 sec™! in sodium, so that gupr>1. However,
even with fields HX50 kOe, we have ¢R.~X20, which is
in the region of strong dispersion. As these authors
have remarked this region has not been investigated
so far. Unfortunately, the only Landau parameter to
appear [to zero order in (gR.)~'] is B,, as we see from
(8.5), the size of the effect for the other parameters
being ~~B;/60 <19, for the situation just described.
High resolution would be required to observe the effect.

Although the analysis presented here includes the
effects of (linear) interaction of the various modes we
have not discussed how they might interact with other
normal modes of the system, e.g., the cyclotron modes.
We should have to solve Maxwell’s equations®

V-E=da[—2¢/(2r)*] [ dk n(k)
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and

Ju=cvXM (11.6)

is the magnetization current with M given in (6.1)-
(6.4). The polarization current is of order

I (Nrevrd Ey/w) evp,

where 6E,(w) is the rf electric field. Similarly, from
(11.4), (11.6), and (6.4), Jyu=icqxdH o(w) Rocqy2IpdH ,.
Consequently,

Jp(q, w) e /w vp
Tulgw)  ~oH, Fg/m’

where we have reinserted 7% into the definition of the
magnetic moment y= (efi/mc) (g/2). This fraction is
proportional to the ratio of the energy gained by a
quasiparticle from the electric field to that of its
moment in the magnetic field. From (11.3) we have
cPE R wdH ,, so that in (11.7) we find

Under the experimental conditions described in Sec. X,
g10°% cm™, so that for 1,210 cm sec™, the ratio is of
order 10%. The effects of magnetization are very small.
However, we have assumed the medium to be un-
bounded. Because of the skin effect in a metal, $E<SH
beyond the skin layer, so that a more careful treatment
is necessary. Also we have not included the effects of a
static magnetic field on the magnitude of Jp, Jy. The
analysis required to study in detail the interaction

(11.7)

(11.8)

+4r (positive background charge), (11.1) between the magnetization and conduction modes will
be given elsewhere.? Suffice it to say that for the alkali
V-H=0, (11.2)  metals (which are weakly magnetic) the treatment used
here remains valid.
VXE+c1(8H/dt) =0, (11.3)
VXH- - (GB/o1) = (4r/0) (ot T, (11.40) ACENOWLEDGNENTS
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APPENDIX A

Starting with the matrix element (5.4) expressed as

y 21T L 0
Um' | K(X, V) |my=— "2 f do / 40 sind ¥1n* (6, ¢) / i® ere
We Jo 0 0

we use the property® of Bessel functions

exp (tu sing) =

X expi{ X (0)[sin(¢— @) —sing 1} Yirm: (6, 6—P),

> Jau(u)ein®
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and the definition Cin= Y me~"¢ to perform the ¢ integration:

U | K |im)y=— T 5 [ 40 500 Con(8) Com (X (6) M arBmimnt s / d® expli[ ¥ (6) —n—m'1®)
We n,n! Yy 0
_ 2 T (X (0) ) nimm
oy e 2l Al
" Y @) — () (a1)

The summation of the Bessel functlons may now be performed as follows. Recall the addition theorem®
2 Tn(X) Tnip(X) e =T (X),

where
X'=2Xsindg,  ¥=}(r—9).
Integrate on the left- and right-hand sides of the identity with

2%
dd) e—'":ﬂ¢’
0
setting p='m’—m On the left-hand side we have

J (X)]nm'—rn(X)

Z d¢>J (X) Tt —m(X) exp[—i(n—n)¢]= Z Fr— [1—exp(—i2mn)]. (A2)
0
On the right-hand side we have
dd’ eXPD(m —m) (1—¢) /21 w—m(2X sinje)e e
0
=2 exp[ (¢r/2) (m'—m) ] f” At Jwr—m(2X sint) exp[—i(m'—m~+2n) 1] (A3)
0

=2 exp[— (ir/2) (m'—m) ] / " U Ty (2X sint) exp[—i(m'—m+20)1], (Ad)
0

where, in the last line, we have used
In(Z) =€ _4(Z). (AS)
Next, we apply the result®®

f dt T (2X sint)e®t=mei],_o(X)J,0s,  Rev>—}
0

to the former, (A3), of the two integrals above if 'S m and to the latter (A4) if m>m’. Equating the respective
results to the infinite sum (A2) we find

T nime T
aimen = = J'H-m’—'m»]—-n, m'§m
n N—n sinmy
.y ——-
sinmy

By setting =Y —m’ we obtain the general result

]n(X)Jn+1n'-m (X)
Zn: Y— (n+m")

where m is the greater and m< the lesser of (m, m’). Inserting this conclusion in (A1), the K-matrix element is
reduced to a single quadrature:

T
=(—=1)= S YJY—-m< (X)W —v—msy (X)), (A6)

(A7)

Im’ | K | Im)=(—1)> e / " 40 5i08 Ci(6) Crme (6) Troms (X(;l)];,‘;;)“” X ©®)
We Jo T

This last integral can also be performed® if either X or ¥ is 1ndependent of 8 but, for our purposes, it is more con-
venient in the present form.
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APPENDIX B

From the power series representation of a Bessel function

— (11X S (=" 1Y) 2n
B = (X £ s X,

it can be shown that the product of two Bessel functions may be written

(LY e S (=T (utv+20+1) 1v\2n
T ) = e e o DY DT ek DTG ) 0™

It is a property of the gamma function T that
T(Y)T(1—Y)=x/sinr ¥ (Y not integral).

Then we can expand the series above:

JymeJ—v—m>) _
sint ¥
For X=0 it is clear that

T(7) T(1—=Y)  (m—met2)T(Y)T(1-T)

,n.—l(%X)m>—m< { (%X) 24.. .} .

Jv—me —¥—ms)/sinT ¥=0 for ms#m<
=(—1)"/(Y—m) for ms=m<=m.
Finally, for calculation of the matrix elements (Im | K | I'm’) we need
Am=0,

. [Ty (X)Jy(X) /sinm ¥ ]=V{1—3[X?/(1—¥*) H+0(X*) };
Am=1,

Crd v (X) T (X) /sinr V]=3X[V (1FY) I74-0(X?).
APPENDIX C

The three types of K-matrix elements contributing to the small-¢g analysis may be calculated as follows from the
properties given in the two preceding appendixes.

(i) Am==+1
From (A1) we can show that
. " . Cl' m:l:lclm
v, ml | K |1, m)= Afdoze m1 1
@, m£1 | K |1, m)=ma(gur sind) 0 St [&—mw.— qup cosA cosf [o— (m=1)w,— qur cosA cosf]’ €y
where
o=w+1i/r—wr*. (C1)

We shall make use of the Wigner 3—j symbols®:

. 1) (1) 2 D)\ [0 B B\ b bk
/ d%yll'rnlylzfnzylams: (< : )( ; ) : )) ( ’ (CZ)
unit sphere 7

0 0 0/\m my my

where the integral vanishes unless

my+my+m3=0, (C2")
| h—b |2 B2 | hth |, (C2")
and in the case where m; =me=m;3;=0,
(h+l+13) is even. (c2m
Recalling the definition (5.7) of Cim(8), it is straightforward to obtain

3 gur SinA
V2 (&0—muw.) (0— (m==1) w)

: [ N 4 11 14
X ((20+1) (2'+1) )”2< )( ) +0(¢%). (C3)
0 0 0/\m +1 —(mtl)

{,mt1|K|l, m)y=—
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(ii) Al#0, Am=0
Proceeding as in case (i), we have

qu CcosA cosf

@ Y 0 N/ 0 !
[ ((2i+1) V1) )12
— Moe 00 0/\m 0 —m

2
Wm | K |Im)= == [ dosmocz,,,cpm(1+

r1 N1
+ TSR (g1+1) (241 )"2( >< )}
@M. 00 0/\m 0 —m
1N/ 1
= 5 ((2+1) (20+1) )2 ) qur cosA+0(¢%), (C4)
(6—ma,)? c) 0.0 0/\m 0 —m

where we have used (C2””) and the fact '] to eliminate the former of the two pairs of 3—7 symbols.

(i) Am=0, Al=0

dé sinf C,? [ 1 (gor sinA sing)?

2 w— (@—muw,) 2] +0(¢)

Im | K | m)=(—1)™2x* f
(Im | K | Im)=(—1)"27% o @—Mmw.—qup CoSA cosf

= g [ ansina | L T ] 0w, (oo

@— M, (&—muo)? 2 w2— (0—mw,)

where we have expanded the denominator correct to O(¢?) and found that the term of O(g) vanished from sym-
metry considerations. We now use the decomposition property of spherical harmonics,

1412 oflh L N\/h I A )
_ay ”i“ )i (__1)}‘((211-!-1)(212-:1)(213+1)>”( X )Yx,_“(k), (C6)

A=|l1—la| p=—N\ 0 0 O0/\m my n

to show, for instance, that

™ —1)™4r A
/ df sinf Cp,? cos?= (=1 — / @k ViV, m¥1,0
0 2r 3

1) 11Nyl o1\
=2m) X (2+1)(21+1) ’
v=li-1i 00 0/\m 0 —m

where we have used

Yin*= (~l)mY1,.m (C7)
and
V1,0=(3/4w) 2 cosh. (C8)
We shall also need
Y1,01="F (3/8x) 12 sinfet®, (C9)

Finally, we obtain

- L1 N/l 1\
(m | K | m)= — 1+ <M> > (1) 2+1)
W— MW W—Mwe / 11=|i-1) 0 0 O m 0 —m

1 o) S.DA 2 J141] l 1 ll 2 l 1 l, 2
41 (rsind)? ; ) . X (1) 2r+1) . (C10)
2 (f—mwe)* = vy 2 00 0/\m £1 =(mkl)
The spherical harmonics ¥, used here are those of Condon and Shortley.? They are defined [cf. (5.7)]
2141 (l—lml)!]l/“’ ] ( d )"‘ )
Vi (0) = (—1) (mi—mype [ T2 2071 lmig [ 2 __ =C e
m(66) = (—1) [ o UE[m])] sin/mlg Teosd Py(cos8) =Cie'm?, (C11)

such that the Cin, are real. P; is a Legendre polynomial.



2 COLLECTIVE OSCILLATIONS IN A SIMPLE METAL. I. SPIN WAVES 4677

APPENDIX D

We shall derive here expressions for the K-matrix elements for the case A=} in the asymptotic limit | ¢R, [>>1 or
| (w—wr*—mw+1i/7) /w. |. We have, from (5.8) and (5.9),

X = (qup/w.) sind, V= (w—wr*+i/7)/w.. (D1)
The Bessel functions Jy(X) may be replaced by their asymptotic form
Jy(X)=(2/7X)"* cos(X —}m ¥ —im) +O0(X %), (D2)

so that correct to O(X—3%?2), a typical matrix element is

I'm' | K | Im)= (2rw/w;) (—1)™ (w./qur) cscr ¥

X /T d0 Cin(6) Curme (8) [cosm (¥ —m>+5 (ms>—me) )+sin (2X — 3w (m>—m<) )], (D3)
0

which is clearly of order (¢R.)™), at most. We shall now concentrate on the diagonal elements (=7, ms>=m<=m).
In Appendix C we found
Clm2= ('— 1)mYlel,——fm

2 wefl 1 N\ ! DN
- (pmn 3 (2 ( )( ) o (D4)
o\ 4r / \o 0 0

m —m O

and, from (C2””’), A is an even integer. But

Vr0(8) =Cro=[(2A+1) /4w 2Py (cosb) (Ds)
from (C11). Now

fo " 4 Py (cosh) = f_ 11 (leZ;)me(u) (\ even)

=[TGO+1))/TEMD P, (D6)

according to Gradshteyn and Ryzhik.# This deals with the first of the integrals in (D3). For the second we note

that since P\(cosf) is even about 6=2 as A is an even integer, so the integral is nonzero. We take the series repre-
sentation

M2 (—1)r(2A—2r)!
Py(cosf) = E) 271 (N—7) {(A=27)!

which indicates that in (D3) we require the integral

(cosf) 2, (D7)

/ df cos™@ sin(2Z sinb), | Z [>1.
0

In the range of integration the outer sine function varies rapidly except close to =17 which, as can be verified, is a
point of stationary phase. Let §=3%r-+y so that cosf~y¥~+O(¥?). Then the integral above may be replaced by
[t sinf22(-1) I~ 20 [ dpp-rTexp(i22) exp(—iz) —exp(=i22) exp(izy?) ] (DB)

From the Gaussian integral

= [ ayew-a= (), (D9)

a

we can easily show that
I,~1/amt1i2,

Since we do not require terms of order smaller than Z~V/2 in the integrals in (D3), we may discard all terms from
the expansion (D7) except for A=2r. But from (D8) and (D9),

/ " 46 sin(2Z sinf) = (g)"2 $in(2Z—1r)4+0(Z-5"). (D10)
0
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This deals with the second of the integrals of (D3). Assembling our results we have, correct to O(w/qup)3/?

W 21 I 1 X ! DN
{m| K |Im)y=(—1)»— (204+1) > (2x+1) cser (Y —m)
2qvr A0 00 0/\m —m 0
r2G+1)) _ (—1)”27\1(@>1/2 . (ZQ‘UF_l )}
{ml‘z(%)\-l—l) cosm(V m)+_—2x(%)\) = \qor sin ” r)y. (D11)
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